One-to-one correspondence between the Painlevé I-VI equations and certain second-order second-degree equations of Painlevé type is investigated. The transformation between the Painlevé equations and second-order second-degree equations is the one involving the Fuchsian-type equation.
I. INTRODUCTION
Painlevé, 1 Gambier, 2 and Fuchs 3 addressed a question raised by E. Picard concerning the second-order first-degree ordinary differential equations of the form
where F is rational in vЈ, algebraic in v, and locally analytic in z, and have the property that all movable singularities of all solutions are poles. Movable means that the position of the singularities varies as a function of initial values. A differential equation is said to have the Painlevé property if all solutions are single valued around all movable singularities. Within the Möbius transformation, Painlevé and his school found 50 such equations. Among all these equations, 6 of them are irreducible and define classical Painlevé transcendents, PI, PII,...,PVI, 4 and the remaining 44 equations are either solvable in terms of known functions or can be transformed into one of the 6 equations. These equations maybe regarded as the nonlinear counterparts of some classical special equations. For example, PII has solution which has similar properties as Airy's functions. 5 Although the Painlevé equations were discovered from strictly mathematical considerations, they have appeared in many physical problems, and possess a rich internal structure. The properties and the solvability of the Painlevé equations have been extensively studied in the literature.
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The Riccati equation is the only example for the first-order first-degree equation which has the Painlevé property. Before the work of Painlevé and his school, Fuchs 3,4 considered the equation of the form
F͑z,v,vЈ͒ϭ0,
͑1.2͒
where F is polynomial in v and vЈ and locally analytic in z, such that the movable branch points are absent, that is, the generalization of the Riccati equation. Briot and Bouquet 4 considered the subcase of ͑1.2͒, that is, the first-order binomial equations of degree mZ ϩ :
was considered in Ref. 16 , where M and N are polynomials in vЈ of degree 2 and 4, respectively, rational in v, and locally analytic in z, and no new Painlevé transcendent was found. In Ref. 17 , the special form of ͑1.7͒, Eϭ0 and thus F polynomial in v and vЈ, was considered and six distinct classes of equations denoted by SD-1,...,SD-VI, were obtained by using the ␣-method. Also, these classes can be solved in terms of classical Painlevé transcendents ͑PI,...,PVI͒, elliptic functions, or solutions of linear equations.
Let v(z) be a solution of any of the 50 Painlevé equations, as listed by Ince, 4 each of which takes the form
where P 0 , P 1 , P 2 are functions of v, z, and a set of parameters ␣. The transformation, that is, Lie-point symmetry, which preserves the Painlevé property of ͑1.9͒, of the form u(z;␣ ) ϭ f "v(z:␣),z… is the Möbius transformation:
where v(z;␣) solves ͑1.9͒ with a set of parameters ␣ and u(z;␣ ) solves ͑1.9͒ with a set of parameters ␣ . Lie-point symmetry can be generalized by involving vЈ(z;␣), that is, the transformation of the form u(z;␣ )ϭF"vЈ(z;␣),v(z;␣),z…. The only transformation which contains vЈ linearly is the one involving the Riccati equation, that is,
where a,b,c,d,e,f are functions of z only.
In Ref. 6, the transformation of type ͑1.11͒ was used and the aim was to find a,b,c,d,e,f such that ͑1.11͒ defines a one-to-one invertible map between solutions v of ͑1.9͒ and solutions u of some second-order equations of the Painlevé type. An algorithmic method was developed to investigate the transformation properties of the Painlevé equations, and some new second-degree equations of Painlevé type related with PIII and PVI were also found. Therefore, second-degree equations are important in determining the transformation properties of the Painlevé equations. 18, 6 Moreover, second-degree equations of Painlevé type appear in physics. [19] [20] [21] Furthermore, seconddegree equations also appear as the first-integral of some of the third-order Painlevé-type equations.
Instead of considering the transformation of the form ͑1.11͒ one may consider the following transformation:
where P j ,Q j are polynomials in v, whose coefficients are meromorphic functions of z and satisfy the Fuchs theorem 4,22 concerning the absence of the movable critical points. A second-order second-degree algebraic differential equation of the form
where a j , jϭ1,2,...,6, are meromorphic functions of z, was considered by P. Appell. 23 In Ref. 22 , it was shown that Appell's condition for solvability of ͑1.13͒ is a necessary and sufficient condition for ͑1.13͒ to have its solutions free of movable branch points. Also, in Ref. 22 , some analogous conditions were applied to irreducible first-order algebraic equations of the second degree, and necessary and sufficient conditions for the solutions of such equations to be free of movable branch points were obtained. A first-order algebraic differential equation of degree nу1 is given as
where the functions a i (z,v), iϭ1,...,n, are assumed to be polynomials in v, whose coefficients are analytic functions of z. The necessary and sufficient conditions for the solutions of ͑1.14͒ to be free from movable branch points are given by the Fuchs theorem ͓Ref. 4 ͑Chap. XIII͒ and Ref. 22 ͑theorem 1.1͔͒. The Fuchs theorem shows that, apart from the other conditions, the irreducible form of the first-order algebraic differential equation of the second degree is
where a i (z), iϭ1,2,...,9, are analytic functions of z and a 1 (z) 0. Let 
where A(z) is an analytic function and F 1 (z) has no multiple roots. In Ref. 22 it was shown ͑theorem 6.2͒ that the solutions of the equation ͑1.15͒ are free of movable branch points if and only if the following conditions hold:
͑ iii͒ A 0 ϭA 1 ϭA 2 ϭ0 and A 3 0 imply a 2 ϭ0.
The conditions of the Fuchs theorem are satisfied if and only if the conditions ͑1.19͒ are satisfied.
In this article, we investigate one-to-one correspondence between PI-PVI and some secondorder second-degree Painlevé-type equations such that the transformation involving Eq. ͑1.15͒ is used and given by
where The procedure used to obtain second-degree Painlevé-type equations and one-to-one correspondence with PI-PVI is as follows: Given Eq. where Second-order second-degree Painlevé-type equations were studied mainly by Bureau and Cosgrove. 16, 17 But, as mentioned before, in both articles the special form of the second-degree Painlevé-type equations was considered, and no new Painlevé transcendent was found. In Refs. 24 and 25 the transformation ͑1.11͒ was used to obtain one-to-one correspondence between PI-PVI and certain second-degree Painlevé-type equations. Some of these second-degree equations had been obtained previously, but most of them had not been considered in the literature before. In this article, we investigate the transformation of type ͑1.20͒ to obtain the one-to-one correspondence between PI-VI and the second-order second-degree Painlevé-type equations. By using the transformation of type ͑1.11͒ and the procedure described above, it is possible to obtain all of the second-degree equations given in Ref. 17 
II. PAINLEVÉ I Let v(z) be a solution of PI equation, vЉϭ6v
2 ϩz.
͑2.1͒
Then, for PI the equation ͑1.22͒ takes the form of 
Here 
͑2.12͒
III. PAINLEVÉ II
Let v(z) be a solution of PII equation
Then, for PII, the equation ͑1.22͒ takes the following form: 
͑3.11͒
respectively, and the quadratic equation in v is
The equations ͑3.10͒ and ͑3.12͒ give one-to-one correspondence between solutions v(z) of PII and solutions u(z) of the following second-order second-degree Painlevé-type equation:
IV. PAINLEVÉ III
Let v(z) be a solution of PIII equation
Then, for PIII, the equation ͑1.22͒ takes the following form: 
As an example, let A 0 ϭ0, A 1 ϭ2/z, B 1 ϭϪ2␤/z, and B 0 ϭϪ␦. 
͑4.4͒
To respectively. Then, the transformations ͑4.5͒ and ͑4.6͒ give one-to-one correspondence between solutions v(z) of PIII and solutions y(x) of the following second-order second-degree Painlevé-type equation The equations ͑4.10͒ and ͑4.12͒ give one-to-one correspondence between solutions v(z) of PIII and solutions y(x) of the following equation:
Then, for PIV the equation ͑1.22͒ takes the following form,
As an example, let A 0 ϭ0 and B 0 ϭϪ2␤. Then one gets 0 ϭ 1 ϭ 0 ϭ 1 ϭ0. Moreover, setting 4 ϭ 3 ϭ 6 ϭ 5 ϭ0, one has the following two distinct cases: ͑i͒ A 2 ϭ0, A 1 ϭ0, B 4 ϭ1, B 3 ϭ4z or ͑ii͒ A 2 ϭ2⑀, A 1 ϭ4⑀z, B 4 ϭϪ1, B 3 ϭϪ4z, where ⑀ϭϮ1. 
